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STABILITY CRITERIA FOR VOLTERRA EQUATIONS
BY
T. A. BURTON AND W. E. MAHFOUD

ABSTRACT. We consider a system of integro-differential equations of the form
(1.1) .\":A(r).\'+f'(‘(l.x)x(s)ds
0

with 4 and C being n X n matrices. Various types of stability are defined and results
are obtained showing when one type of stability is equivalent to another type. We
also construct a number of Lyapunov functionals from which we obtain necessary
and sufficient conditions for stability of (1.1). Finally. we prove several results
concerning qualitative behavior of solutions of (1.1).

Introduction. We consider the integro-differential equation
(1.1) x’:A(t)x+f’C(t.s)x(s)ds
0

in which A is an n X n matrix continuous for 0 < < co and C is an n X n matrix
continuous for 0 < s <t < oo0.

The purpose of this paper is to investigate relations between stability properties of
solutions of (1.1) under various assumptions on A4, C, and the dimension n. We will
also give necessary and sufficient conditions for stability of solutions of (1.1) and
necessary and sufficient conditions for stability and boundedness of solutions of
some perturbed forms of (1.1).

It is known that, for the ordinary differential equation

(1.2) x"= D(t)x

with D(t) an n X n matrix of functions continuous and T-periodic on [0, o),
stability, uniform stability, and boundedness of solutions are equivalent concepts.
Furthermore, asymptotic stability, uniform asymptotic stability, L'[0, co) stability,
and {boundedness of all solutions of
(1.3) x" = D(t)x + F(t)
for every continuous and bounded F} are all equivalent to the property that all
solutions of (1.2) tend to zero as ¢t — co. (The T-periodic assumption is stronger than
necessary as may be seen in Hale [S, pp. 152-153].)

We are interested here in equivalent statements for (1.1) and their implications for
a forced version of (1.1).

Stability definitions given below are from Driver [4] and Miller [9]. Existence,
uniqueness, and continuation results are found in Driver [4].
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144 T. A. BURTON AND W. E. MAHFOUD

A solution of (1.1) with continuous initial function ¢: [0,7,] = R" will be denoted
by x(1, ty, ®), x(¢, @), or just x(¢) if no confusion should arise.

If D is a matrix or a vector, | D | means the sum of the absolute values of the
elements.

If the function is written without its argument, then that argument is always
understood to be .

DEFINITION 1. The zero solution of (1.1) is stable if for every e > 0 and any 7, = 0
there exists a 8 > 0 such that [| (7)) [< 8 on [0, ty] and 1 = ;] imply | x(z, 1y, @) |<ee.

DEFINITION 2. The zero solution of (1.1) is uniformly stable if it is stable and the
above 4§ is independent of ¢.

DEFINITION 3. The zero solution of (1.1) is asymptrotically stable if it is stable and if
for each 7, = 0 there is an 7 > 0 such that | @(7) |<n on [0, ¢,] implies x(z, t,, ¢) — 0
ast — o0.

DEFINITION 4. The zero solution of (1.1) is uniformly asymptotically stable if it is
uniformly stable, the above 7 is independent of ¢,, and for every ¢ > 0 there is a
T(e) > O such that [| @(¢) |[<non|[0, ty]and t =1, + T]imply | x(1, ¢y, @) |<e.

DEFINITION 5. The zero solution of (1.1) is unstable if it is not stable.

DEFINITION 6. The zero solution of (1.1) is completely unstable if there exists an
¢ >0 and a 7, = 0 such that for any § >0, § <e if ¢: [0, 7,] = R" is continuous, if
@(r) =0, and if | p(¢) |< 8, then thereis a1, > 1, with | x(7), 1y, @) |=&.

DEFINITION 7. An n X n matrix is said to be stable if all of its characteristic roots
have negative real parts.

2. Stability. The following four papers will have significant bearing on our
investigation.

I. In [9] R. K. Miller considered (1.1) with 4 constant and C = C(r — 5) and
showed that if Z(t) is the n X n matrix satisfying

(2.1) Z’(t):AZ(t)+/'C(z—s)Z(s)ds\ Z(0) =1,
0

and if

(2.2) /°°|c(t)|dz<oc.

0

then Z(t) € L'[0, o) if and only if the zero solution of (1.1) is uniformly asymptoti-
cally stable. He did not require that 4 be a stable matrix.

II. In [2] F. Brauer asked that (1.1) be a scalar equation with 4 constant and
C(t,s) = C(t — s). He assumed that

(2.3) /0°°|c(v)|do<oo.

(2.4) [Trct | di< .

0

and proved the following result.
(@) If C(r) > 0and 4 + [§°C(r)dr <0, then the zero solution of (1.1) is uniformly
asymptotically stable.
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(b) If C(1) <0, 4 + [§°C(t)dt <O, and [5°t| C(t)| dt is sufficiently small, then
the zero solution of (1.1) is uniformly asymptotically stable.

() If A + [°C(1) dt = 0, the zero solution of (1.1) is not uniformly asymptotically
stable.

I11. In [3] Burton showed that if 4 is constant and

(2.5)  C=C(t - s) with 4 stable and f°°| C(u — t) | du small,
t

then
(2.6) f°°|z(t)|dz<oo.
0

Thus, (2.5) implies uniform asymptotic stability by I above.
IV. In [8] Levin considered a nonlinear scalar version of

x'(t) = _[’a(z — 5)x(s) ds
0
and asked that
(-1 a®(1)=0 for0<t<oo
and k =0,1,2,3 with a(¢) Z a(0). He concluded that x"“(+) - 0 as t - oo for
j=0,1,2.
Our first result is quite special as it concerns a scalar convolution equation with

strong sign conditions, but it is thought provoking.
We consider the scalar equation

(2.7) x' = Ax +f’C(t—s)x(s)ds
0
in which A4 is constant and C(¢) is continuous for 0 < < oo.

THEOREM 1. Suppose A <0, C(t) >0, and A + [°C(t)dt # 0. The following
statements are equivalent:
(1) All solutions of (2.7) tend to zero.
(i) A + [°C(t) dr < 0.
(iii) Each solution of (2.7) is in L'[ 0, c0).
(iv) The zero solution of (2.7) is uniformly asymptotically stable.
(v) The zero solution of (2.7) is asymptotically stable.

PROOF. We show that (n) implies (n + 1). Of course, (v) implies (i).

Suppose (i) holds, but 4 + [°C(t)dt > 0. Choose ¢, so large that 4 + [;°C(s) ds
>0 and let p(t) = 2 on [0, t,]. Then we claim that x(z, ) > 1 on [1,, o). If not,
then there is a first 7, with x(z,) = 1 and, therefore, x'(¢,) < 0. But

x'(1,) = Ax(1,) +f0"c(z, —s)x(s)ds =4 +/0"c(s)x(t, —5)ds
=>4 +fO'C(s)ds>A +f0°C(s)ds>O,

a contradiction. Thus, (i) implies (ii).
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Let (ii) hold and consider the Lyapunov functional
(1, x(-)) =| x| +[’/°°c(u — 5) du|x(s)]| ds.
0t
If x(¢) is a solution of (2.7), then for x = 0 we have

Van(t, x()) < dlx| + ['Cr =) |x(s)| ds
+/I°°C(u—t)du|x|—-/(-)[C(t—s)|x(s)|ds

oo oo
:[A+f C(u—t)du]|x|:[A+f C(u)du]|x|=—a|x|,
‘ 0
some a > 0. Thus,

0< V(e x() < V1o, @) = o[ ] x(s) | &,
0

and 50 [ | x(s)| ds < oo, as required. Thus, (ii) implies (iii).

Now Miller’s result (I) shows that (iii) implies (iv), while (iv) certainly implies (v).
The proof is complete.

REMARK 1. The analog of the condition with (1.3) may also be inserted in the list
of equivalences in Theorem 1. Details of this sort appear in Theorem 7.

REMARK 2. The list of equivalences in Theorem 1 have some very practical
applications. If Z(¢) satisfes (2.1), then the variation of parameters formula for

(2.8) x’=Ax+f01C(t—s)x(s)ds+F(t),

with F: [0, c0) — R”" being continuous, is

(2.9) x(2,0, x4) = Z(1)x, +f0’z(z — $)F(s) ds.

For example, under the conditions of Theorem 1, if 4 + [°C(z) dt <0, then Z(¢t) is
in L'[0, 00), Z(¢) is bounded, and Z(¢) tends to zero as ¢ — 0. Thus, from (2.9) we
see that:

(a) If Fis bounded, then x(¢, 0, x,) is bounded.

(b) If Fis in L'[0, o), then x(¢,0, x,) tends to zero as ¢ — oo (as we have the
convolution of an L' function (F) with a function tending to zero ( Z(?))).

(c) If F(¢) - 0 as ¢t > oo, then x(¢,0, x,) — 0 as 1 — oo (as we have the convolu-
tion of an L' function ( Z(¢)) with a function tending to zero ( F(?))).

REMARK 3. Theorem 1 shows that Brauer’s condition (2.4) was not needed. In fact,
by slightly modifying the Lyapunov functional used in the proof of Theorem 1, we
can also show that the sign condition on C(¢) may be relaxed as it is stated in the
following theorem.

THEOREM 2. If A + [§° | C(¢)| dt <O, then the zero solution of (2.7) is uniformly
asymptotically stable.

PROOF. Let

t

V(t,x(~)):|xl+f0_/;oo|C(u~s)|du|x(s)|ds.
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If x(1) = x(1, t,, @) is a solution of (2.7) then
t
Van(tx() <4lx|+ [11C( = 5) | x(s)] ds
®© t
+[T1C(u— 1) [dulx| = [ C(t = 5)||x(s) | ds
t 0

<[A +/0°°|c(u)|du]|x|:-a|x1, a>0.

Thus, x(¢) isin L'[ 0, o) and so the proof is complete.
REMARK 4. One might now question the severity of the condition

a+[Tlcwdr<o
0

and ask whether or not a more relaxed condition, such as
oC

(2.10) A +l/ C(t)dt’<0,
0

would guarantee the uniform asymptotic stability of the zero solution of (2.7).
The following example will show that the zero solution of (2.7) may be completely
unstable under condition (2.10) even if we ask C(¢) to be in L'[0, c0) and bounded.
ExaMPLE 1. Consider the scalar equation

(2.11) x = -x +ftC(t—s)x(s)ds,
0
where
C(t) =bsint if0<t<2m,
=0 ift =2m,

for some b > 0.
By writing (2.11) in the form

x'=-x+ f[C(s)x(t —5)ds,
0
we have

x':_x+bf’(sins)x(z—s)ds if0<:<2m,
0
27, . .
=—x+bf (sins)x(t —s)ds ift=2m
0

or

x'=-x+ b/’[sin(t —s)]x(s)ds if0<¢<2m,
0

=-x+ bf’ [sin(z — s)]x(s)ds ift=>27.
t—2m
Lett, = 27 and @(¢) = Ae'"*" on [0, £,], A constant.

We will show that for some choice of b, x(1) = Ae‘~'0 is a solution of (2.11) with

x(t) = @(¢)on {0, ;]
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Since
ft essin(t —s)ds = (1/2)e'(1 — e2"),
t—2m

then for b = [4e"]/(e*™ — 1), x(1) = Ae' " is a solution of (2.11) with x(z) = ¢(¢)
on [0, #,].

Observe that C(¢) is bounded, in L'[ 0, o0), and (2.10) is satisfied.

REMARK 5. The above example is a counterexample to a statement in Theorem 3
of Jordan’s paper [7] where condition (2.10) is stated as a sufficient condition for the
zero solution of (2.7) to be uniformly asymptotically stable.

Throughout this paper we will continue the discussion of stability of solutions of
(2.7) where a condition such as (2.10) holds, namely 4 + [§°C(t) dr < 0.

We now consider a more general scalar equation and give necessary and sufficient
conditions for stability of the zero solution.

Let

(2.12) X’ :A(t)x+f0'c(z,s)x(s)ds

in which 4: [0, ) — R is continuous and C is continuous for 0 < s <t < 0. We
assume that [* | C(u, t)| du is defined for ¢ = 0.

THEOREM 3. Suppose there is a constant a > 0 such that
o0
(2.13) /’|c(z,s)|ds+f 1C(u, t)| du — 2|A(1)| < -a.
0 t
Then (2.12) is stable if and only if A(t) <O0.

PROOF. Suppose A(t) < 0 and consider the functional
V(t,x(-)) =x*+ f[foo|C(u, s)| du x*(s) ds.
0t

The derivative of V(¢, x(-)) along a solution x(z) of (2.12) satisfies
t
Van(t, x(-)) <2457 + 2 [1C(1, )| 1x(s)] I+l ds

+£wlc(u,t)|dux2_j;ll C([,S)I-xz(s)ds
< 2A4x? +f'| C(z,s)|(x2(s) +x2)ds
0
+_/;w|C(u’t)|dux2_./:| C(t,s)lxz(S)ds

=[2A +/O’| C(t,s)|ds +j;°°| C(u, t)|du]x2< —ax?.

As Vis positive definite and ¥’ < 0 it follows that x = 0 is stable.
Suppose that A(z) > 0 and consider the functional

w(t, x(+)) = x? —/Ot/tw| C(u,s)|dux*(s)ds
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so that

Wit x(-)) = 2452 =2 [ C(1.5) | x(5)] | x| s
= [T1¢G 01 dux+ ['1C(e,5) | 2(s) ds
> 2 Ax? —/0|c(t,s)|(x2(s) + x?) ds
_/I’°°|C(u,t)|dux2+j(;’| C(t,s)|xz(s)ds

:[2A - (/(;’| C(t,s)]|ds +/;°°|C(u, t)|du)]x2>ax2‘

Now, given any 7, =0 and any 8 >0, we can find a continuous function ¢:
[0, 5] = R with |@(¢)|< & and W(t,, @(-)) >0 so that if x(7) = x(¢, 1y, @) is a
solution of (2.12), then we have
(2.14) (1) = W(t, x(-)) = W(tg, @(-)) + o [ x2(s) ds

= W(to. 9() + af Wlto. () ds

= W15, 9(+)) + aW (15, 9(-))(1 = 1).
As t > o0, | x(1)|— oo. This completes the proof.

COROLLARY 1. If (2.13) holds and A(t) < 0 and bounded, then the zero solution of
(2.12) is asymptotically stable.

PrOOF. We showed in the proof of Theorem 3 that V) (¢, x(-)) < —ax?. This
implies that x(¢) is in L'[0, o) and x*(¢) is bounded. It follows from (2.13) and
(2.12) that x’(¢) is bounded. Thus, x(¢) — 0 as t - oo0. The proof is now complete.

COROLLARY 2. If (2.13) holds and A(t) > 0, then the zero solution of (2.12) is
completely unstable. Furthermore, for any t, = 0 and any 8 > 0 there is a continuous
function @: [0, t)] — R and a solution x(t, t,, ¢) with | p(t) |< & and

1,2
| x(2, 25, @) |>[C1 + ¢yt — to)] /

where ¢, and c, are positive constants depending on t, and @.

PrOOF. This is an immediate consequence of (2.14).

REMARK 6. Notice that condition (2.13) would not hold if A(¢) is allowed to
vanish at some point ¢ = 0. Therefore, Theorem 3 cannot apply unless A(¢) # 0 for
all t = 0. Our next result will consider equation (2.12) where A(¢) may vanish at any
t = 0. Equations such as (2.12) where A(¢) = 0 have been considered by Levin [8].

We select a continuous function G(z, s) with

(2.15) 0G(t,s)/0t = C(t,5)
and let

Q(1) = A(1) = G(1,1),
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so that (2.12) may be written as

(2.16) x' = Q(t)x + (d/dz)fo’(;(z,s)x(s)ds.

THEOREM 4. Suppose (2.15) holds and there are constants Q,, Q,, J and R with
R < 2 such that
H0<Q, <|2(1)|< 0,
(i) [5| G(t,s)|ds<J < 1,and
(iil) Jg | G(, 5)| ds + [ | G, 1) | du < RQ,/Q,
for 0 <t < oo. Furthermore, suppose there is a continuous function h: [0, 00) — [0, 00)
with | G(t, s)|< h(t — s) and h(u) — 0 as u — . Then the zero solution is stable if

and only if Q(t) <0.
PROOF. Suppose Q(¢) < 0 and consider the functional
2 e
N =(x=['6(e,5)x(s)ds| + O, [ 1G(u,s)|dux*(s)ds.
V(e, x(+)) (x '/(;G(t,s)x(s) s) sz“fl | G(u,s)| dux*(s)ds
The derivative of V along a solution x(¢) of (2.16) satisfies
Vet x(+)) = 2(x —fOG(t,s)x(s)ds)Q(t)x
+0,[716(u, 1) | dux? = 0, [ G(1,5) | x*(5) ds
t 0
<2Qx2+Q2/1|G(t,s)|(x2(s)+x2)ds
0
+0, 16w, 1) [ dux? = 0, [ G(1,5) | x(s) ds
t 0
=120+ Q,( [1G(1,5) [ds + [ | G(u,1)| du)|x?
20+ . [160s) 15+ [ 716w 1) ]|

<[20 + RQ,]x* <[-29, +RQ,]x2= ~Bx?, B=>0.

Let e > 0 and ¢, = 0 be given. We propose to find § > 0 so that if | @(¢)|< & on
[0, £5], then | x(¢, t,, ¢) < e forallt = ¢,
Since V5 (2, x(-)) < 0 for z = 1, then

V(’» x(' )) < V(tov (P(‘ ))

- }‘P(to) - _/(;IOG(IOa s)o(s) ds

2 o0
+ szloft | G(u,s)|dug?(s)ds

0
2 [e¢]
<81+ [“1G(ty,5) | ds| + 082 [ |G(u,s)]|duds<8N>
0 0 0 Y

where

N2=(1+RQ,/0,) + sz(;ro‘/;oo[G(u,studs.

0
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).

Now,

Ve, x(+)) = (x(t) —/O’c;(x,s)x(s)ds)2 > (|x(t)|— |/O'G(t,s)x(s)ds
Thus

| x(e)]— U(;’G(t. s)x(s) ds| <8N

or
| X(1)[< 8N + [1G(r.5) || x(5) | ds.
0
Now, so long as | x(7) | < &, we have

|x(t)|<8N+e_/(;’|G(r.sts<6N+Je<e.

for all =1, provided 8 <e(l —J)/N. Since (2.12) and (2.16) are the same
equation, then the zero solution of (2.12) is stable.
Suppose now that Q(¢) > 0 and consider the functional

w(t, x(-)) = (x —/(.)’G(t. s)x(s)ds)2 - Qz'/(:f’acl G(u,s)| dux?(s)ds.
Then
Wisrot: x()) = 2(x = ['6(r.)x(5) s | Qo)
=0 16w 1) | dux? + 0, []6G(2, 5) | x*(s) ds
=>20x% — sz'| G(t,5)|(x*(s) + x?) ds
0

—sz(°°|G(u,t)|dux2 + 0, [16(1.5) |x*(s) ds

~[o-oif f16t05) 145+ 71600 0) a2

=[20, - RQ,|x* = yx?
where y = 20, — RQ,.
Now, given any 7,=> 0 and any 8 >0, we can find a continuous function ¢:
[0, 1,] = R with | @(2)|< & and W(t,, @(-)) >0 so that if x(¢) = x(¢, ¢y, @) is a
solution of (2.12), then we have

2
(x(t) - fIG(t, s)x(s)ds| = Ww(t, x(-)) = W(ty, 9(-)) + y/txz(s) ds.
0 fo
We will show that x(¢) is unbounded. If x(¢) is not unbounded, then as
J¢] G(¢, s)| ds is bounded, we have [{ G(t, s)x(s) ds bounded and hence x%(t) is in
L'[0, o).



152 T. A. BURTON AND W. E. MAHFOUD

Using the Schwarz inequality, we have
t 2 t 2
(166 ) 1x()1a5) = ([16(1.9)1721Glr,5) 172 x(s) | s |
0 0
14 14
<[ |G(t,s)|ds| |G(z,s)|x%(s)ds
[16(5) 15 [16(.5)]x(s)

<'/(:] G(t,s)| ds/oth(t —s)x2(s) ds.

The last integral is the convolution of an L' function with a function tending to zero.
Thus the integral tends to zero as ¢ — oo and hence

/IG(t, s)x(s)ds -0 ast— oo.

0

Since

=[W(1o, 9(-))]",

then for sufficiently large T, | x(¢)|= a for some a >0 and all ¢+ = T. This con-
tradicts x2(¢) being in L'[0, o0). Thus, x(¢) is unbounded and the zero solution of
(2.12) is unstable. This completes the proof.

Let us now apply Theorems 3 and 4 to equation (2.7) so that we may easily
evaluate them.

As C(t,s) = C(t — s) and A(t) = A = constant, we assume that | [{°C(v) dv |<
oo and define G(t) by G(¢) = —-[2C(v) dv so that

0=4-G(0)=4 +f0°°c(o)du.

X — j(;’G(t, s)x(s) ds

Thus, Theorems 3 and 4 take the following forms.

THEOREM 3'. Suppose that [;° | C(v)|dv <|A|. Then the zero solution of (2.7) is
stable if and only if A < 0.

THEOREM 4'. Suppose that A + [°C(v) dv # 0 and

o0 oC
f f C(v) dv
0 t
Then the zero solution of (2.7) is stable if and only if A + [§°C(v) dv < 0.

dr <1.

PROOF. As Q # 0, we take O, = Q, =| Q| . Now

fol|G(t—s)|ds=f0’|G(v)|do<j(;°o|G(t)|dt=f()°°l_/;°°C(v)dvdt<l

and
fw|G(u—t)|du=f°o|G(t)|dt<1.
t 0

Thus, all conditions of Theorem 4 are satisfied. This completes the proof.
Theorem 4’ may now be extended as follows.
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THEOREM 5. Suppose that
o] 0
(2.17) / f C(v)dv
o IV

Then the zero solution of (2.7) is stable if and only if A + [°C(v)dv < 0.

dr<1.

PrROOF. We need only prove stability when Q = 4 + [°C(v) dv = 0. In this case,
(2.7) reduces to x'(¢) = (d/dt)[;G(t — 5s)x(s) ds.

Let e > 0 and ¢, = 0 be given. We propose to find § > 0 so that if ¢: [0, ¢,] = R is
continuous with | @(¢) |< & then | x(¢, ¢,, @) |< e for t = .

By integrating the equation from ¢, to ¢ we obtain

x(1) = o(1,) +f0’c(t — s)x(s) ds —fo"’c;(zo — 5)g(s)ds
and

|x(t)|<a+/O|G(t—s)||x(s)|ds+6j0°|G(zO—s)|ds
<28+'/(;’|G(t—s)||x(s)|ds.

So long as | x(¢) | < & we have

|x(z)|<za+ef’|c(z—s)|ds<23+ef°°|G(o)|du=26+sP,
0 0

where P = [° | G(v)| dv. Thus, | x(¢) |< 28 + ¢P < e provided that § < ¢(1 — P)/2.
For this choice of 8, |x(t)|<e for all =1, and hence x = 0 is stable. This
completes the proof.

Combining Theorems 1 and 4/, we obtain

THEOREM 6. If A <0, C(1) >0, 4 + [°C(v)dv # 0 and [§° | [*C(v) dv| dt < 1,
then the zero solution of (2.7) is uniformly asymptotically stable if and only if it is stable.

Obviously, Theorem 5 provides a simple and practical way of investigating
stability of the zero solution of (2.7). What one would hope to see now is that
condition (2.17) is not severe. To this end we present the following example.

EXAMPLE 2. Consider the equation

x=(1—=¢e)x+ (2e - l)fle(ze_‘)("’)x(s) ds.
0

For any ¢ > 0 with 0 < ¢ < 3, the zero solution is unstable, while 4 + [°C(¢) dt =
-e<0and [°| [°C(v)dv|dt = 1/(1 — 2¢) > 1. We may choose ¢ as close to zero
as we please.

ProoF. We may differentiate the equation to obtain

x" —ex' +¢e(1 —2e)x =0,

all of whose characteristic roots have positive real parts for 0 < e < 1. Thus, the
integrodifferential equation is unstable.

This example shows that assumption (2.17) is very mild and hence Theorem 5 is
indeed a sharp one. Furthermore, if (2.17) holds, then for 4 <0 and C(¢) > 0, the
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negation of the inequality in Theorem 3, that is [§° | C(¢) | dt >| A4 |, would imply,
by Theorem 5, that the zero solution is unstable. Consequently, Theorem 3’ is also a
sharp one.

In the next section we obtain a modified version of Theorem 5 which also yields a
simple and practical criterion for uniform asymptotic stability of the zero solution of
2.7.

3. System. We consider the system

(3.1) x’=Ax+/’C(t—s)x(s)ds

in which 4 and C are n X n matrices, n = 1, C(¢) is continuous for 0 < ¢ < o0, and
A is constant.
Let Z(¢) be the n X n matrix satisfying

(3.2) Z'(t) = AZ(t) +f0’c(t —5)Z(s)ds,  Z(0)=1.

THEOREM 7. Suppose there is a constant M >0 such that for 0 <t, < oo and
0 <t < 00 we have

(3.3) f’f’°| C(u+v)|dudo<M.
00

Then the following statements are equivalent.
(1) Z(t) > 0ast - 0.
(it) All solutions x(t, t,, ) of (3.1) tend to zero as t — o0.
(iii) The zero solution of (3.1) is uniformly asymptotically stable.
(iv) Z(¢) is in L'[0, 00) and Z(t) is bounded.
(v) Every solution x(t,0, x,) of

(3.4) x’=Ax+/O’C(t—s)x(s)ds+F(t)

on [ 0, 00) is bounded for every bounded and continuous F: [0, o0) —» R".
(vi) The zero solution of (3.1) is asymptotically stable.
Furthermore, the following are also equivalent.
(vii) Z(t) is bounded.
(viii) All solutions x(¢, ty, ¢) of (3.1) are bounded.
(ix) The zero solution of (3.1) is uniformly stable.
(X) The zero solution of (3.1) is stable.

PROOF. Let (i) hold. Then a solution x(¢, ¢,, ¢) of (3.1) may be considered as a
solution of

x' =Ax + /O’OC(I —s)o(s)ds + [C(r —s5)x(s) ds

for ¢t = t, with the second term on the right being treated as a forcing term. If we
translate the equation by y(¢) = x(¢ + ¢,), we obtain

y'(t) = Ay(t) +£)[C(t —s)y(s)ds + ‘/(;IOC(t + 1, — 5)p(s)ds.



STABILITY CRITERIA FOR VOLTERRA EQUATIONS 155

We may now apply the variation of parameters formula (2.9) and write
W1) = Z()o(t) + [Z(r = u) ["Clu+ 1, = 5)o(s) ds du.
0 0
The substitution s = ¢, — v yields

y(1) = Z()e(t,) + /O’z(t - u)/o’°c(u +0)p(1, — v) do du.

As|o(t)|< K,K >0,0n][0, t,], we have

1y(t)|<K|Z(1)] +K/O’1z(t —~ u)|/(;[0i C(u + v) | dv du.

The last term is the convolution of an L'[0, 00) function ( [¢°| C(u + v)| dv) with a
function tending to zero ( Z(#)) and so it tends to zero. Thus, (i) implies (ii).

Suppose that (ii) holds. Then, in particular, all solutions of the form x(z,0, x,)
tend to zero, implying that Z(¢) — 0 as t —» co. Now [jf5°| C(u + v)|dudo <M
uniformly in ¢,. Thus the integral [;|Z(t — u)| f5°| C(u + v) | dv du tends to zero
uniformly in ¢, and hence x(¢, ¢, @) tends to zero uniformly in ¢, for bounded ¢.
Thus, (ii) implies (iii).

Let (iii) hold. Then Miller’s result (I) implies that Z(z) is L'[0, o). Also, the
uniform asymptotic stability implies Z(#) bounded. Hence, (iv) holds.

Suppose (iv) is satisfied. Then solutions x(¢, 0, x,) of (3.4) on [0, o) are expressed
as

x(t) = Z(1)x(0) +f0’z(z — 5)F(s) ds.

As Z(t) is L'[ 0, 00) and bounded and as F is bounded, then x(#) is bounded. Hence,
(v) holds.

Suppose (v) is satisfied. Then the argument in the proof of Perron’s theorem (cf.
Hale [5,p. 152]) yields Z(¢) being L'[ 0, c0). This, in turn, implies uniform asymp-
totic stability. Of course, uniform asymptotic stability implies asymptotic stability
and so (v) implies (vi).

Certainly, (vi) implies (i). This completes the proof of the first set of equivalences.

Let (vii) hold. The variation of parameters formula implies that x(z, @) is
bounded. Thus, (viii) holds.

Suppose (viii) is satisfied. Then | Z(¢) |< P and [;/;°| C(u + v)| du dv < M imply
that whenever | () |< & on [0, 7,] we have

[x(t 4 10,9) < Plo(to) | +8 1 2(t = )| [*| C(u + 0) | do du

< P6 + 6PM <&,

provided that § <e¢/(P + PM). Hence, x = 0 is uniformly stable. Thus, (viii)
implies (ix).
Certainly, (ix) implies (x).
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Finally, if x = 0 is stable, then Z(¢) is bounded so (x) implies (vii). This completes
the proof of the theorem.
Now, we would like to extend Theorem 3 to the system

(3.5) x' = Ax +£C(l,s)x(s)ds

where A4 and C are n X n matrices, n = 1, 4 constant, and C is continuous for
0<s<t<oo.

To this end, we are interested in finding an n X n symmetric matrix which satisfies
the equation

(3.6) ATB + BA = -I.

It will be recognized that (3.6) is the standard equation from stability theory when
A is a stable matrix (cf. Hale [5, p. 295]). For if the characteristic roots of 4 all have
negative real parts, then (3.6) has a unique symmetric positive definite solution
matrix B and the Lyapunov function V = x”Bx satisfies ¥’ = —x"x along any
solution of x” = Ax.

It is immediate that if all characteristic roots of A have positive real parts then
(3.6) has a unique symmetric negative definite solution B.

Moreover, according to Barbashin [1,p. 1100], if A|,...,A, are the characteristic
roots of A, then (3.6) has a unique symmetric solution provided that A; + A, # 0 for
any i and j.

It is easily shown that if 4 has a characteristic root with zero real part then (3.6)
has no solution.

One may construct examples of 4 having A, + A, = 0 and (3.6) having a solution,
but not a unique one. Moreover, there are examples in which A, + A, = 0 and (3.6)
has no solution; however, in those same examples if a symmetric positive definite
matrix D is properly chosen then

(3.6) ATB+ BA=-D

can be solved for B. In the following theorems equation (3.6) is a satisfactory
subsitute for (3.6).

THEOREM 8. Suppose (3.6) holds for some symmetric matrix B and that there is a
constant M > 0 such that

(3.7) |B|(/:lc(t,s)|ds+ft°°|C(u,t)|du)<M<1.

Then the zero solution of (3.5) is stable if and only if B is positive definite.
PRrROOF. We consider the functional

V(t, x(-)) = x"Bx + |B|f

rf°°| C(u,s)|du|x(s)|*ds.
0t
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Differentiate V along a solution x(¢) of (3.5) to obtain

Vo (0 x()) = [XTAT + [5T)CT(s) ds] Bx + xTB[Ax + [l )x(s) ds]
HBI[T1C0 ) du x P = B [[1C(2,5) [ x(5) P
= |x|P+ 2xTBfO’c(z, 5)x(s) ds
HBI [T € o) s |x P = B [ €1, 5) || x(5) [
< xP | BI[1C0 ) (5P + |x(s) P) ds

+|B|/lw|C(u,t)|du|x|2—|B|L'|C(t,s)||x(s)|2ds

—_—[_1 +|B|(/OIIC(t,s)|ds+£w|C(u,S)|du)]|x|2

<[-1+M][x’=-a|x|

wherea =1— M > 0.

Now, if B is positive definite, then x”Bx > 0 for all x # 0 and hence V(¢, x(-)) is
positive definite with V5 5,(¢, x( - )) negative definite. Thus, x = 0 is stable.

Suppose that x = 0 is stable but B is not positive definite. Then there is an x, # 0
with xJBx, < 0. If xJBx, = 0, then along the solution x(t,0, x,), V(0, x,) = xJBx,
=0 and V'(t, x(-)) < -a|x|* so that for some ¢, >0 we have V(t, x(-)) <O0.
Thus x7(¢,)Bx(t,) < 0.

Hence, if x"Bx is not always positive for x # 0, we may suppose there is an
xo # 0 with x]Bx, < 0.

Let e =1 and ¢, = 0. Since x = 0 is stable, there is a § > 0 such that | x,|<§
implies | x(#,0, x,) |< 1 for £ = 0. We may choose x,, so that | x,|< & and x]Bx, < 0.
Letting x(¢) = x(¢,0, x,), we have

xT(£)Bx(1) < V(t, x(-)) < V(0, xo) — afo’|x(s) P ds
< x{Bx,— a/()\x(s) |* ds.

We show that x(z) is bounded away from zero. Suppose not; then there is a
sequence {7,} tending to infinity monotonically such that x(z,) - 0. Hence,
x7(t,)Bx(t,) — 0, a contradiction to x”(¢)Bx(t) < xXBx, < 0.

Thus there is a y > 0 with | x(¢) |* = y so that x"(¢)Bx(t) < x§Bx, — ayt, imply-
ing that | x(#) | > o0 as ¢ — oo. This contradicts | x(¢) | < 1 and completes the proof.

If C(t, s) = C(t — s), then (3.5) reduces to

(3.8) X' = Ax +/0’c(t — 5)x(s) ds

and (3.7) reduces to 2| B| [5° | C(v) | dv < 1. We then have the following result.
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COROLLARY 3. Suppose (3.6) holds for some symmetric matrix B. If

j:cC(v)

then the zero solution of (3.8) is stable if and only if B is positive definite.

2|B| dv < 1,

We now prove a complete instability result which extends Corollary 2 to (3.5).
Let B be a positive definite symmetric matrix satisfying

(3.9) ATB+BA=1.
THEOREM 9. Suppose (3.9) holds and
|B|(/’|c(z,s)|ds+f°°|c(u,z)|du) <M<l
0 t
Then the zero solution of (3.5) is completely unstable. Furthermore, for any t, =0

and any 8 >0 there is a continuous function @0, t;] - R" with |@(t)|<é and
| x(t, tg, @) |= [c) + cy(t — 1,)]'/? for all t = t,. Here, ¢, and c, are positive constants

depending on t, and ¢.

Proor. Consider the functional

t

V(t, x(-)) = x"Bx — |B|[)j;m|C(u,s)|du|x(s)|2ds

and compute its derivative along the solution x(¢) = x(¢, t,, ¢) of (3.5) so that
Vi st x(+)) Z[xTAT +£'xT(S)CT(t, s) ds] Bx + xTB[Ax +/OIC(t, s)x(s) ds]
~B| [ 1C(u, 1) | dux P+ | B| [ C(t,5) || x(s) P ds
t 0
=xTx + 2fthBC(t, s)x(s) ds
0
~IBI[1C(u,0) | dux P+ | B| ] C(e,5) || x(s) P s
t 0
> x = 2|B| [ C(t,5) || x(s) || x| ds
0
~|B| [ |Clu, )| du|x[?+|B|[|C(t,5) || x(s) | ds
t 0
t
>|x[2-—|B|/O|C(t,s)|(|x|2+|x(s)|2)ds
[>e] t
—|BI[ 1€, 1) du|x P +|B|[|C(r, ) || x(s) [* s
t 0
>[1—|B|(f’|c(t,s)|ds+j°°|c(u,t)|du)}|x|2
0 t

>[1-M][xP=v|x]
wherey =1— M > 0.
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Choose @ on [0, ¢,] so that V(t,, ¢(-)) > 0. In particular, if ¢, = 0, then for any
@(0) # 0 we have V(0, ¢(-)) > 0. Then

IBHAOF>XVOBAO>’WLN0)>V0m¢0»+Y£TNﬂV¢

for all t = 1. As | x(t)|* = V(ty, 9(-))/| B| , we have

|B||x(1) > = V(1. (-)) + YW (15, 9(-))(1 = 15)/| B| .
If 7, = 0 and (0) + 0, then

|x(1) P =[¢"(0)Be(0)] /| B| + (v/] B*)[¢"(0) Bo(0)].

This is complete instability. The proof is now complete.
Select an n X n matrix G(¢) with

(3.12) 0G(1)/0t = C(1)
and set
(3.13) Q=4-G(0),
so that (3.8) takes the form
(3.14) x'=Qx + (d/dz)/’G(z—s)x(s)ds.
0

Let D be a symmetric matrix satisfying
(3.15) Q™D + DQ = -I.

If D is any positive definite matrix, then there is a positive constant k such that
(3.16) k|x|*<x"Dx forall x.

THEOREM 10. Suppose (3.12)—(3.15) hold. Let
(1) 2|DQ| [5°| G(v)| dv < 1and
(i) G(t) » 0 ast - .
Then the zero solution of (3.8) is stable if and only if D is positive definite.

PRrROOF. Consider the functional
T
V(t, x(-)) = (x - ['6(- s)x(s)ds) D(x ~ [~ s)x(s)ds)
0 0
+1DQ| [ 716G(u—s) | du|x(s) [ ds,
07
so that along a solution x(#) of (3.14) we have

Vot x()) = 570D x = ['6(r — )x(s) ds

+ (x —f()tG(t - s)x(s)ds)TDQx
+10Q| [716(u = 1) dulxP = DO [16(t = 5)||x(s) P s
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< AxP+ 10| [16(: =) (|x + [ x(5)[) s
+1DQ| [“16(u =) [1x[ = [DQ| [[1G(t = 5) || x(s) [
=[—1 +|DQ|(/0'|G(r—s)|ds+ft°°|6(u—r)|du)]|x|2

0 def
<[-1+21001[16(0) | do] 1x P £ u

Suppose D is positive definite and let € >0 and ¢, = 0 be given. We must find
8 >0 so that if |@(z)|<d on [0,1,], then |x(¢,15,9)|<e for 1=1, As
Vi.14(t, x(+)) <0, then

V(e x()) = V{10, 0) <1 21 (19000) | + [1 6t = ) 1905 s |
+|DQ|f’0f°°|G(u—s)|du|(p(s)|2ds<82N2 for some N > 0.
0 Y1

Using (3.16) we have
Ve, x(-)) > (x —jo'c(z—s)x(s)ds)rp(x —fO'G(t —s)x(s)ds)

>k2(|x|—|f0'G(t—s)x(s)ds|)2, k #0.
Thus,
|x(£) |< (8N/K) + [ G(1 = 5) || x(s) | ds.
0

So long as | x(t) |< e, we have | x(1)|<(8N/k) + ¢f;° | G(v)| dv <eforallt= ¢,
provided that 6 < (k/N)(1 — [§°| G(v)| dv)e. By (i) and the fact that |2DQ|> 1,
the right-hand side of the above inequality is positive. Hence, x = 0 is stable.

Now, suppose that x = 0 is stable but D is not positive definite. Then it can be
shown that there is an x, 7 0 with xJDx, < 0 and | x, | < & for any given 8 > 0. As
x = 0 is stable, we may choose 8 so that | x,|< & implies | x(¢,0, x4) |< 1 for all
t=0.

Letting x(¢) = x(¢,0, x,), we have

V(¢ x(+)) < V(0, xq) — p,/ol|x(s) [Pds= - — pj(?lx(s) |* ds,
where = —x{ Dx, > 0. Thus,
(3.17) (x(t) —[O'G(z - s)x(s)ds)TD(x(t) A s)x(s)ds)

t
< - — x(s)|? ds.
= uf1x(s)]

Using the Schwarz inequality as in the proof of Theorem 4, we conclude that

(fO'IG(t—s)llx(s)|d9)2<f0'|G(t—s)ldeOIIG(t-s)IIX(s)IzdS-
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As | x(¢)|< 1 and [5| G(t — s)| ds is bounded, then [jG(z — s)x(s)ds is bounded.
By (3.17) it follows that

2
| <x

v+ ufx(s) P ds <I D1 | x(0)] +] ['6c = 5)x(s) as

for some constant K. Thus, | x(¢)|* is in L'[0, o). Now, G(t) - 0 as ¢t - oo and
| x(¢)? in L' imply that [{|G(t—s)||x(s)|*ds >0 as t > co. Thus, by the
Schwarz inequality argument, [(G(t — s)x(s)ds —» 0 as ¢t — oo.

By (3.17) we see that for large ¢ then x7(z) Dx(t) < -n,/2. Moreover, as x — 0 we
have x"Dx — 0. Hence, we conclude that | x(z)|* =y for some y >0 and all ¢
sufficiently large. Thus, [{ | x(¢)|*df - oo as t - oo, contradicting | x(¢) |* being in
L'[0, o). Therefore, the assumption that D is not positive definite is false and the
proof is complete.

If
(3.18) ‘fo C(v) dv| < oo,
we may define G(¢) by
(3.19) G(1) = —j;wC(v)dv.
Thus,
(3.20) 0=A—-G(0)=4+ waC(O) do.

COROLLARY 4. Suppose (3.15) and (3.18)—(3.20) hold. Let
[o.0] [oe]
3.21 2|D ‘ C(v)dv
(3:21) 1po|[|[ (o)

Then the zero solution of (3.8) is stable if and only if D is positive definite.

dr<1.

THEOREM 11. Suppose (3.15) and (3.18)—(3.20) hold. If
(i) A + [§C(v) dv is a stable matrix and

(ii) 2| DQ| f§° | °C(v) dv| dt < 1
then the zero solution of (3.8) is stable and, furthermore, all solutions of (3.8) are in
L?[0, 0) and bounded.

If, in addition,

(i) [§° | C(v) P dv < 00 or [&°| C(v)|dv < oo, then all solutions of (3.8) tend to
zero ast — oo and, hence, the zero solution of (3.8) is asymptotically stable.

If, in addition,

@iv) [5°f° | C(v) | dv dt < oo,
then all solutions of (3.8) are in L'[0, ) and the zero solution of (3.8) is uniformly
asymptotically stable.

PROOF. Let (i) and (ii) hold. Then D is positive definite and by Corollary 4, x = 0
is stable; hence, all solutions are bounded.
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Using the functional V(¢, x( - )) in the proof of Theorem 10 we have
Vaaa(t, x(1)) < —p|x(1)

for p > 0 and ¢ = ¢,,. Thus, | x(¢) |*is in L'[0, c0).
If, in addition, (iii) holds, then (3.8) yields

(@)=l x(0)] + [1€=5) [ x(5) | s

<|Al1x()] +(1/2) [1C(e=s) Pas + (172) [ () [ s
Thus, | x'(¢) | is bounded and so is (| x(¢) [*)’; for,

(1 x() ) = (xT()x(1)) <2[x(e) || x"(2) | .
Hence, x(t) — 0 ast —» oo and x = 0 is asymptotically stable.
Suppose (iv) holds. Since (iv) is equivalent to (3.3) and since all solutions of (3.8)
tend to zero as ¢t — oo, we may apply Theorem 7 to conclude that the zero solution
of (3.8) is uniformly asymptotically stable and all solutions of (3.8) are in L'[0, c0).

COROLLARY 5. Suppose (3.15) and (3.20) hold. If
(i) A + [§°C(v) dv is a stable matrix and
(i) 2| DQ| [°[F | C(v) | dvdr <1,
then the zero solution of (3.8) is uniformly asymptotically stable.

Proor. This is an immediate consequence of Theorem 11 as, by (i) and (ii), all
conditions of the theorem are satisfied.

If we now return to the scalar equation (2.7), we deduce from Theorem 11 the
following stability criterion.

THEOREM 12. Suppose that
@) [5°f° | C(v) ]| dv dt < o0,
(i) [§°] [°C(v)dv|dt <1, and
(iii) 4 + [°C(v) dv < 0.
Then the zero solution of (2.7) is uniformly asymptotically stable.

Theorem 12 may now be compared with Brauer’s result (b). While (ii) is suffi-
ciently mild as we have seen from Example 2, Brauer’s basic assumption (2.4)
implies (i). For, using integration by parts, we have

./()wt|C(t)|dt>j;)'s|C(s)|ds:—tj;oo|C(v)|dv+£t£w|C(v)|dvm

o0 t o0
>_f0 t|.c(t)|dt+f0/s | C(v) | dv ds.
Thus,
[[71c(o) 1dods <2["1]C(1) |t < oo
0Ys 0

Also, Brauer’s result applies only to a limited class of functions and fails to specify
how small the quantity [5°z| C(¢) | dt must be in order to insure uniform asymptotic
stability. Our result, however, is quite specific, has a wider range of applications, and
nicely extends to the system (3.8) in the form of Theorems 10 and 11.
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The next result is concerned with the asymptotic behavior of solutions of the
system (3.8).

Letting C(¢) = C(t) and C)(¢) = d'C(t)/ dt' for i = 0,1,2,..., we prove the
following result.

THEOREM 13. Suppose (3.15) and (3.18)-(3.20) hold. Suppose also that C"~V(t) is

continuous for some positive integer m. If
(i) A + [§°C(v) dv is a stable matrix,

1) 2| DQ| [0 ] [*C(v)dv| dt <1, and

(iii) [ | C(v) | dv < 00,i=0,1,..., m—1,
then the zero solution of (3.8) is asymptotically stable. Furthermore, every solution
x(1) = x(t, ty, @) of (3.8) has the property that x'"((t) > 0 ast - o0, i = 0,1,...,m,
and x'"(t) is in L*[ty, ) for i = 0,1,..., m.

ProOOF. The asymptotic stability of x = 0 follows from Theorem 11. We prove the
last part by induction.
For m = 1, use (3.8) to obtain

() <1411 x(0)] + [1C = 9)] ()] ds.

Now, (i)-(iii) imply, by Theorem 10, that x(¢) — 0 and x(¢) is in L*[¢,, ). As
C(t) is in L', that integral tends to zero; hence, x’(¢) — 0 as t — oo. Furthermore,
the integral is the convolution of an L' function with an L? function and, therefore,
is an L? function (cf. Hewitt and Stromberg [6, p. 397)).

We now assume that the theorem is true for m = k and show it is true for
m=k+1,k=1,2,3,.... Differentiate (3.8) k times and obtain

k—1
|x 0 [<[4]]xPO(e) [+ 2 [CO0) [[x“T0(1) |
i=0

+f0'| CO(t —s)||x(s) | ds.

We assume (iii) holds for m = k + 1. Then the above integral is the convolution of
an L' function with a function tending to zero. Thus, the integral tends to zero and
since the theorem is true for m = k, then x‘)(1) >0 ast - o, i =0,1,...,k, and
hence x**D(¢) - 0 as t —» c0. Thatis, x®Vt > 0ast — oo fori =0,1,...,k + 1.

Also, x‘(¢t)isin L* for i = 0, 1,...,k and the integral above is the convolution of
an L' function with an L? function. Thus, the integral is an L? function. Hence,
x**D(r) is in L[ ¢, 00); that is, x(¢) is in L?[¢,, o) for i =0, 1,...,k + 1. This
completes the proof.

4. Perturbation. There are two interesting perturbations of (3.5) that we wish to
consider in this section. We first consider the system

(4.1) x' = Ax + A,(t)x + H,(x)x +[0'[c(t, s) + Cy(t, s)Hy(x(s5))]x(s) ds

where 4, A4,, C, C,, H,, and H, are n X n matrices, 4 is constant, 4,(¢) is continuous
for 0 <t < o0, C(¢, s) and C\(¢, s) are continuous for 0 <s <1t < oo, and H,(x)
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and H,(x) are continuous on some open set U C R" with 0 € U. We assume there
are positive constants m and J such that

(4.2) |A,(t)|<m and |C1(t,s)|<J|C(t,s)|
and
(4.3) H(0) =0, i=1,2.

Also, we suppose there is a symmetric matrix B with
(4.4) A™B + BA = -I.

THEOREM 14. Suppose (4.2)—(4.4) hold and there is a constant M > 0 with
(4.5) |B|([’|c(z,s)|ds+/°°|c(u,t)|du)<M<1.
0 0

Then for m sufficiently small, the zero solution of (4.1) is stable if and only if B is
positive definite.

PRroOOF. Consider the functional
V(t,x(-)) = x"Bx + Kf'/wl C(u,s)| du|x(s)|*ds
0"
so that along a solution x(¢) = x(z, ¢,, @) of (4.1) we have
Vin(t, x(+)) = (xTAT + xTAT + x"HT
+ [%T($)[CT(e, 5) + HI(x(s))CT(1, 5)] ds) Bx
0
+xTB(Ax + x + Hx + ['[C(¢,5) + €8, ) Hy(x(5))] x(s) ds)
0
+K 7| C(u, 1) | du|x P = K ['| C(t, 5) || x(5) [ ds
t 0
< - xP+2|B||A(0) || x]* + 2| B||H|(x) || x
1B [1€(9) [ +] €t ) [| Halx() N x(5) [+ [ x ) ds
+K ") Clur 1) | du| x P = K[| C(t,5) || x(s) P ds
t 0
<-|x+2|B|m|x|*+2|B||H(x)||x]
B[ €t ) [ +71 €t 5) [ Ha(x() (1 () [+ | x ) ds

+K'[1m|C(u,t)|du|x|2—Kj:| (1, s)|| x(s) [ ds
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<[—1 +|B|(2m+2|H,(x)|

+f0r| C(t,s) | (1 + J | Hy(x(s)) |)ds)

+Kft°°|C(u,t)|du]|x|2
H1BI[1€C(5) [ (14| Ha(x() D1 x(5) F ds
—Kfoll C(t,5)||x(s) | ds.

Now H,(x) are continuous with H,(0) = 0. Thus, for each > 0 thereisay >0
such that | x |< y implies | H;(x) |<mn, i = 0, 1. Therefore,

V(s x(-)) s[—l +|B] (2m +2n+ [110(6) | (14 7) ds)

+Kf°°|c(u,z)|du] | x?
t

4 t
1B [1C( ) | (14 Jn) [x(s) P ds = K[| €1, 5) | (5) P ds.
Letting K =| B| (1 + J7), we have

Falts () |1+ 218 (m )

+|B|(]+Jn)(£)’|C(t,s)|ds+'[’°°|C(u,t)|du)]|x|2

<[-1+2|B|(m+n)+ M1 +Jn)]|x]

Leta=1—2|B|(m+n)— M(1+ Jn) and choose m and 7 sufficiently small
so that & > 0. Thus, V, (¢, x(*)) < -a|x |? so long as |x(s)|<vyforO<s<1

Suppose that B is positive definite and let € >0 and 7, =0 be given. Assume
¢ <y and find § > 0 such that if | @(¢)|< 8 on [0, 7], then | x(1, t,, ¢) | < & for all
1= 1,

Since B is positive definite, then by (3.14) there is a k 0 such that

k2| x 2 <xTBx < V(t, x(-)) < V(15, 9(-))
<|Bllo(t) P +|B|(1 +Jn)f0'°f:|C(u,S)ldulw(S)lzdsdzNz
where
N2 :|B|[l + (14 Jn)/o"’f:| C(u, s)| duds].

Thus | x(#) |< eif § < ke/N for all t = ¢,. Hence, x = 0 is stable.

Suppose now that x = 0 is stable but B is not positive definite. Then we may
argue as in the proof of Theorem 8 to conclude that if ¢ = y and ¢, = 0, there is a
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8 >0 and x, # 0 with | x,|< & and x/Bx, < 0. Continuing the argument we find
t, > 0 such that | x(¢,0, x,) | = y. This will complete the proof.

We now consider another interesting form of perturbation of (3.5), namely the
system

(4.6) x'=Ax + f(t, x) +f0rC(t,s)x(s)ds

in which 4 and C are n X n matrices, A constant and C(t,s) continuous for
0<s<1t<o0. Also,f:[0,00) X R" - R" is continuous with

(4.7) |f(r, x) [< A(2)(| x| +1),
with A: [0, c0) = [0, 00) continuous and [°A(s) ds < oo and
(4.8) A1) -0 ast— oo.
We also assume there is a symmetric matrix B with
(4.9) A™B + BA = -I.

THEOREM 15. Suppose (4.7)-(4.9) hold and there is a constant M > 0 such that
(4.10) gB|(f’|c(z,s)|ds+/°°|c(u,z)|du)<M<1.

0 !

Then all solutions of (4.6) are bounded if and only if B is positive definite.

PrOOF. Consider the functional
v(t, x(+)) =[xTBx +1+ |B|f'f°°| C(u,s)|du|x(s)| ds]e’”w”‘”
0

where L is a positive constant.
We differentiate V along a solution x(z) = x(z, t,, @) of (4.6) to obtain

I’E:t.e)(t» x(+))
=-LA(t)V + [(xTAT + (¢, x) + ‘/(;Ixr(s)CT(t, 5) ds)Bx

+xTB(Ax + A, x) +/O’c(t, $)x(s) ds)

+|B|/w|c(u, t)l duIXI2 —lB|/’|C(t’ S)HX(S)lz ds]e“l‘f{))‘(s)df
' 0
t 0 X
< -LA(0)V +4|-1+ 1BI(/IC(z,s)Ids+f IC(u, 1)) du) x|
0 t
+2B]|x}| (2, x)|}e'Lfé7\(s)ds

< -LA(6)V +[(=1 + M)x|? + 2|B||x|A(¢)(1x| + 1)] e H/M)
< e HROB[LA(e) + (<1 + M + 2BIA(2))Ix|* +2BIN(1)Ix]]

< e L@ A[_LA(1) + (-1 + M + 2BIA(1))Ix]* +|BA(¢) + |BIN(2)1x|].
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Letting L =| B| and taking S sufficiently large so that -1 + M + 3| B|A(¢) < -8
for some B > 0 and all t = §, we find

Vao(t, x(1)) < e OO BIxP) < —y|x ]

forsomey >0and allt = S.

Suppose that B is positive definite and x(7) is a solution of (4.6). Then by the
growth condition on f, x(¢) can be continued for all future time. Hence, for t = § we
have V(t, x(-)) < V(S, x(-)) so that x(¢) is bounded.

Suppose that all solutions are bounded but B is not positive definite. We may now
argue as in the proof of Theorem 8 to conclude that there is an x, # 0 with
x0Bx,<0. Take t,=S and select a continuous function ¢ on [0,¢,] with
V(to, 9(+)) <0.

Since Vj, (1, x(-)) < =y | x(¢) |* for t = S, we have

V(t,x(-)) < V(S,9(-) — v /S | x(u) [P du.

We may argue as in the proof of Theorem 8 to conclude that x(z) = x(¢, ¢y, ¢) is
bounded away from zero and hence V(t, x(:)) - —o0 as t — co. Thus, x(¢) is
unbounded, a contradiction. This completes the proof.

5. Asymptotic behavior. We propose to extend Theorem 13 to a nonconvolution
equation. For simplicity we discuss the scalar equation

(5.1) x' = A(t)x +/’c(z,s)x(s)ds
0
where A4 is continuous for 0 < ¢ < o0 and C is continuous for 0 < s < ¢ < 0.

Assume for the present time that A(¢) and C(¢, s) are continuously differentiable
and that both

(5.2) /w|C(u,s)|du and foo[aC(u,t)/at] du exist.
Define G(¢, s) and Q(t), respectively, by
(5.3) G(t,s):—fooC(u,s)du
and
(5.4) o(t) = A(r) — G(¢,1)
so that (5.1) may be written as
(5.5) x' = Q(t)x + (d/dt)f'G(t, s)x(s) ds.
0

THEOREM 16. Suppose (5.2)-(5.4) hold. If there are constants Q,, Q,, J, N, and R

with R <2 such that for 0 < t < oo we have
(i) -0, < 0(1) < -0, <,

@) o] G(t,8)|ds <J <1,

(iil) [3] G(z, 5)| ds + [ | G(u, 1)| du < RQ,/Q,, and

@) fo| C(¢t,s)| ds + | [*C(u, t)du|< N,
then the zero solution of (5.1) is asymptotically stable. Furthermore, every solution
x(t) = x(t, ty, @) of (5.1) is in L*[¢t,, 00).
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In addition, if

W Q'(1) = Q)G )| +| Q)| [o| C(¢, 5)| ds < RQ,,
(vi) C(t, t), [3]9C(t, s)/0t| ds, and [P[0C(u, t)/dt] du are bounded,
then x(t) - 0 as t - oo and x'(t) are in L*[t,, ) for i = 0, 1.

Proor. The stability of x = 0 follows from Theorem 4. Now, using the functional
V(t, x(+)) as in the proof of Theorem 4, we obtain V'(¢, x(-)) < —Bx%(¢) for some
B >0 and all =1, As V(t, x(-)) =0, we have x(¢) in L*[¢,, 00). To show that
x = 0 is asymptotically stable we first observe from (5.3) and (iv) that G(z, ¢) is
bounded and since Q(¢) is bounded, then it follows from (5.4) that A(¢) is bounded.
Now

t
(5.6) (O I<IA@ O |+ [1€(5)[1x(5) | ds
yields, using (iv), that x'(¢) is bounded. Since x?*(z) is L'[ty, o) and [x*(¢)] =
2x(1)x’(¢) is bounded, it follows that x(¢) — 0 as ¢t — oo. Hence, x = 0 is asymptoti-

cally stable.
To show that x'(¢) is in L*[¢,, c0), we differentiate (5.5) obtaining

(5.7) = (0(1)x) + (d/dt)[G(t, Ox+ ['C(t,5)x(s) ds].
0
Let Q = Q(t), G = G(t, t) and consider the functional
2
W, x(-), x(-)) = (x’ —[Gx +f0c(z,s)x(s)ds])
b 2 tr® 2 d
+Kj; x (s)ds+Mj(;'/; | C(u, s)| dux?(x)ds
whose derivative along a solution x(t) = x(z, t,, ¢) for t = ¢, satisfies
Wi(e, (), () = z(x’ —[Gx + [, s)x(s)ds])(Qx)’ K
0
® 2 _ ! 2
+Mj; | C(u, t)| dux Mf0|C(t,s)|x(s)ds
=20(x")" + Z(Q’x - Q[Gx + /tC(t, s)x(s) ds])x’
0
— ! 'y 2
2(Gx +[)C(t, s)x(s)ds)Qx Kx
+M/°0| Clu,t)|dux?— Mfl| C(t,s)|x*(s)ds
t 0

<20(x)" +2|Q' = QG|| x||x'|
+21 Q| [1C(r, ) [ x(s) ]| x'| ds + 21 GQ' |7

#2101 €t 5) [1x(5) | x| ds = K

+Mfw| C(u,t)| dux?— Mf’| C(t,s)|x*(s)ds
t 0
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<20(x')* +| Q" — 0G| (x* + x7?)
t
+|Q|f0|c(z,s)|(x2(s) +(x')?) ds
+2{6Q|x* +[Q'| [ C(t, 5) | (x*(s) + x?) ds
0

—Kx®+ Mft°°| Cu, t)| dux? — Mfo'| C(t, s) | x*(s) ds
<|20+ 10~ 061101 [ c(t.5) ] (x
+lle - 061 +2160'1 +1¢'1 [l c(e.) s
+Mfl°°|C(u,s)|du—K]x2
QI+ 1 =M) []C(t,5)[x(s) ds.
By (v), Q'(1) is bounded. Thus, by choosing K and M sufficiently large we obtain
W(o, (), %)) <[-20, +10' = 061 121 [ (1, 5) | o] )
<[-20, + RQ,(x)* £ ~(x)"

As W(t, x(+), x'(+)) = 0, we have x'(¢) in L*[¢,, o0). To show x'(t) — 0, we differen-
tiate (5.1) and obtain

(5.8) x"(1) = A(t)x'(1) + 4'(t)x(t) + C(¢, t)x(1) +/0’[ac(t, 5)/0t]x(s) ds.

Since Q(t) = A(t) — G(¢,t) = A(t) + [P°C(u, t)du, we have Q'(t) = A(t) —
C(t,t) + [*[0C(u, t)/9t] du. Thus, by (v) and (vi), A’(¢) is bounded and hence by
(5.6) and (5.8), x”'(t) is bounded; therefore, ((x)?) = 2x’x" is also bounded. As
(x")*isin L'[#,, 00), we havex’(t) - 0 as t - co. This completes the proof.

It is worth pointing out that when A(¢) = A = constant and C(¢, s) = C(t — s),
the conditions (i)-(v) of Theorem 16 reduce to (i)-(iii) of Theorem 13 when
n=m=1.

We now consider the general vector case and assume that A(¢) and C(¢, s) are n
times continuously differentiable and that

(5.9) £w|6”‘C(u,s)/6u‘_'|du and j;w[aiC(u,t)/ati]duexist

fori=1,2,...,n.

Let C,: and C: denote the ith derivative of C(t, ¢t) with respect to the first and
second arguments, respectively. Let C = [d'C(t, t)/dt'] and C©O = Co= C,o =
C(t, t). Then C®, C,, and C,: are defined for i = 0,1,...,n.



170 T. A. BURTON AND W. E. MAHFOUD

THEOREM 17. Let (5.3), (5.4), and (5.9) hold. Suppose also that (i)-(iv) of Theorem
16 as well as the following conditions are satisfied:

(@)

(’F_‘ I)G(‘ D(t, 1) + 2 (lf_ )C"‘“(t t)]

l j=2

2 (%) o) - o)
+]0(1) |f0t| 3% 'C(t,s)/0t* " | ds < RQ,,

fork =1,2,...,n,and
(b)

CHN(1,0), [85C(e,5) /0% | ds and [ [85C(u, 1)/01*] du
0

t

are bounded for k = 1,2,...,n.

Then the zero solution of (5.1) is asymptotically stable and, furthermore, every solution
x(1) = x(1, ty, ®) of (5.1) has the property that x(1) —» 0 as t = oo and x'(t) is in
Lz[to, o) for i = 0,1,...,n.

Before proving the theorem we establish the following identity:
(5‘10) 2 (C,/ )(k 2-)) — 2 2 ( )C(I‘J) (k= 0,
=1 =2
fork = 2,3,...,n
Using the product rule

(up)™ = § (r:’)u(i)v(m—i)’

i=0
we have
w2y _ o k=2~ (D (k=2=j=i)
(Cx) = 3 ; Glx
i=0
S o[k—2—)
— 2 ( )C(’ 2—/)x(k i
imj42 VI 27
Thus,

_ k—2—j i—2— _
=% 3 (71 e

j=0i=j+2
Letting () = 0 lfj < 0ori<j, we may write
k=2 k (k 21—

E (€x)7?7=3 3

) C(' 2= Dy (k—i)

j=0 Jj=0i=2 i—2 j
k k=2, _
=y 3 (/:_22 jf)c(: 2=))y (k=i)
i=2 j=0
ko k .
=33 (k J)Ca—/)x(k 0y
i=2 j=2\t 7 J

This completes the proof of the relation (5.10).
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Let us now differentiate (5.7) (n — 1) times to obtain

(5:11) X7+ = (@x) + (/)| (Gx)" "+ ()" P+ (Gx)"

+Co2x + ft[a"_'C(t, 5)/3t" ] x(s) ds|.
0

Let
k=2
(5.12) a, = (Gx)" "+ T (Gx)* T,
Jj=0
k
(5.13) 2( )Q“W D,
and

_ - _ Lk =\ e
619 = (*e-o[*=Herr-o3 (¥ )c
Jj=2

for k =1,2,...,n and i = 1,2,... ,k, assuming, of course, £/a, = 0 if j <. Using
(5.10), we may write (5.12) as

k K — k —
(515) a, = 2] ( - )G(l D4 2 ( j)Ct(j"_J) X(k i

=1 VT -J

Also, (5.13)—(5.15) yield

(5.16) B, — Qua, = 2 y(i)x kD,

Thus, condition (a) reduces to

k
. T "
(5.17) 3 Inl) | +1Q1 [[1847C(e, s) /0 lds < RQ,,
i=1
fork = 1,2,...,n. Also, equation (5.11) takes the form
(5.18) x*H = (ox)™ + (d/dt)[a,, +/’[a"—'c(t, 5)/3t" V] x(s) ds|.
0

ProoF oF THEOREM 17. We use induction on n. If n = 1, conditions (a) and (b) of
Theorem 17 reduce to (v) and (vi) of Theorem 16. Thus, Theorem 17 is true for
n=1

We now assume that Theorem 17 holds for r = n — 1, n = 2, and show it holds
forr = n.

Let W= W(t, x(-), x'(+),...,x"(-)) and consider the functional

W= (x(") —[an +/0'[8""'C(t, 5)/3t" V] x(s) ds])2
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Using (5.18), the derivative of W with respect to ¢ along the solution x(¢) = x(¢, ¢, )
of (5.1)is

W= Z(x(") —[a,, + [Tor (e, 5) /0 (o) ds])(Qx)(")
= 2(x‘"’ —[a,, + [Torc(z, 5)/8 1] x(s) dS])(Qx‘"’ +8,)
= 20[x™] + 2[13" - 0a, — o[ [ c(r. ) /3] x(s) ds]x“”
~2a,8, = 28, [ [8"'C(s, s) /20" ]x(s) s

By (5.16), we have

W =20[x"P+2 3 v,(i)x"xtm — 2Qf1[6""‘C(t, 5)/3t" | x(s)x" ds
i=1 Y

—2a,8, — 2B"ft[8”_'C(t, s)/8t" | x(s) ds
0

n

<29[x™] + 2] 1, (i) | ([x"0F + [xT)

i=

+| Q|f0’| " 'C(1, s) /0" | (x*(s) + [x™]) ds

+2]a,||B,| +2IB,.If(;Ia"_'C(t,S)/at"_'IIx(S)IdS-

As G = —[*C(u, t) du, we have

k—1
(5.19) GR =3 D —fw[akc(u,z)/atk] du,
j=0 '

fork =1,2,...,n.

Now, assume that (a) and (b) hold for k = 1,2,...,n. Then C*~V is bounded for
k=12,...,nand hence C 7~ and C¥ 7~V are bounded forj = 0,1,2,...,k — 1.
Thus, by (5.19) and (b), G'¥ is bounded for k = 1,2,...,n. As (5.17) implies that
y,(i) is bounded for k = 1.2,...,n and i = 1,2,...,k, then by (5.14) we have Q*
bounded for i = 1,2,...,n. Thus, there is a constant L such that | a, |< LZ"=5 | V| ,
|B,|< L2r=) | x|, and |v,(i)|< Lfori=12,...,n. Hence,

n—1n—1
2|q,||B,|<2L2 Z X |xD||x]
i=0 j=0
n—1n—1 ) ) n—1 12
<y 3 (x“FP+[x0P) <L, 3 [x?]
i=0 j=0 i=0
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for some constant L,. Thus,

w<|20+ 3 1w | +101[187'C(r.5) /807 | | [
i=1 0
FLS (x0T + 1 Q] [107 (1, 5)/80m | x2(s) do
i=1 0

n—1 n—1
+L, 3 xOP LT [1977C(e, ) /0 | ([xOF + [x(5)]?) ds.
i=0 i=0"0
By (b), [¢]98"7'C(¢, s)/3t"""| ds is bounded. Thus, using (5.17) and (i), we obtain

n—1
(5.20) W <[-20, + RO, J[x "+ L, 3 [xO]
i=0
t
+L3f|8”_'C(t,s)/8t"_'|x2(s)ds
0
for some constants L, and L,. Now, the theorem is true for r = n — 1. Thus x‘(¢)

1S in L2[t0, o) for i =0,1,...,n — 1. Hence, we may define the functional V =
Ve, x(+), x'(+),...,x"(-)) by

n—1

V=W+K

3 [ e

+Mf’f°°| 8" 'C(u, 5)/du""" | du x*(s) ds
0t

~

+M/°°/°°| 0" 'C(u, 5)/du""" | dux*(s) ds
t N
and differentiate V along the solution x(#) = x(¢, t,, ¢) of (5.1) to obtain
n—1 ©
V=w-K3 [x")]+ Mf [9"7'C(u, t)/3u""" | du x*
i=0 t

—Mftl " 'C(¢t, s) /01" | x*(s) ds — M/oo| " 'C(u, t)/3u"""| du x*.
0 1
If we let ¢ = 2Q, — RQ, and make use of (5.20), we get

n—1
V< —4q[x"P + (L, - K) 2 [xO)
i=0

+(Ly— M)f°°| 9"=1C(1, 5),/00"1 | x*(s) ds.
0

Choose K and M sufficiently large so that V' < —q[x(™]? for all t = ¢,. As V=0,
we conclude that x("(¢) is in L*[¢,, c0).
To show that x™(¢) - 0 as t —» oo, we differentiate (5.1) and (5.4) k times to
obtain
k=1 _
(521) x**tD = (4x)P + T (Cx) 'Y +/'[8"C(t,s)/at"]x(s)ds
j=0 0
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and
Q) = 4% — G, k=1.2,...,n.

As Q) and G'% are bounded, we have 4*) bounded for k = 1,2,...,n.

Now, the theorem is true for r = n — 1. Thus, x'’t - 0ast — oo fori = 0.1,...,n
— 1. Hence, by (5.21) and (b), we have x"(¢) bounded. Consequently, by (5.21),
x"* (1) is bounded and since [x"]? is in L'[¢,, 00], then ([x(™]?) = 2xMx"* D s
bounded; thus x‘")(z) —» 0 as ¢t — cc. This completes the proof of Theorem 17.

ExaMPLE 3. Consider the equation

X =-[1+bQe+ 1) 2]x + bfo'(z +54+ 1) 7x(s)ds, b>0,

where

G(1,1) = _/°°c(u, t)du= b2t +1)22

and Q(t) = A(t) — G(¢,t) = -1. Thus, for any given positive integer n, we may
choose b sufficiently small so that all conditions of Theorem 17 are satisfied.
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